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Chains of... Chain of Thoughts

• Least-to-Most Promp.ng
• Zhou, D., Schärli, N., Hou, L., Wei, J., Scales, N., Wang, X., ... & Chi, E. (2022). 

Least-to-most prompIng enables complex reasoning in large language 
models. arXiv preprint arXiv-2205.10625.

• Tree of Thoughts
• Yao, S., Yu, D., Zhao, J., Shafran, I., Griffiths, T. L., Cao, Y., & Narasimhan, K. 

(2023). Tree of thoughts: Deliberate problem solving with large language 
models. arXiv preprint arXiv:2305.10601.
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Zhou, D., Schärli, N., Hou, L., Wei, J., Scales, N., Wang, X., ... & Chi, E. 
(2022). Least-to-most prompEng enables complex reasoning in large 

language models. arXiv preprint arXiv-2205.10625.
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Background: Literatures
• Chain-of-thought (CoT) promp.ng

Image source: Wei et al. (2023)

Intermediate Process Added

4

https://arxiv.org/abs/2201.11903


Background: Challenge and Contribu9on

• The challenge of exis/ng research
• Chain of Thought (CoT): 
• Not good at Easy-to-hard generaliza:on

• Contribu/on of this research
• Least-to-most promp:ng

• Break down complex problems into a series of 
simpler subproblems and solve them in 
sequence

• Implementa:on
• Symbolic manipula;on
• Composi;onal genera;on (SCAN)
• Math reasoning
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Method: Least-To-Most (L2M) Prompting
• Few-shot promp/ng on GPT-3 

code-davinci-002 model

• Stage 1: Decomposi0on
• Constant examples that demonstrate the 

decomposi;on (not shown) +
• specific ques;ons to be decomposed

• Stage 2: Subproblem Solving 
• Constant examples demonstra;ng how 

subproblems are solved (not shown) + 
• A poten;ally empty list of previously 

answered sub-ques;ons and generated 
solu;ons +

• The ques;on to be answered next 
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Result and observa9on: Symbolic Manipula0on
• Last-le:er-concatena.on task (Wei et al., 2022)

Least to MostChain of Thoughts
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CoT performance drops faster than L2M as the length increases

Result and observa9on: Symbolic Manipula0on
• Last-letter-concatenation task (Wei et al., 2022) - Result

       Error Analysis

“gra<fied, contract, for<tude, blew”
- Dropping a le,er: “dte” instead of “dtew”
- Adding a le,er: “dteww” instead of “dtew”
- Wrong template: “gra2fied” outputs “ed”
- Copy error: […] concatena2ng: “dte”, “w” 
leads to “dtew”. So, “gra2fied, contract, 
for2tude, blew” outputs “dte”.
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Result and observa9on: Composi'onal Generaliza'on
• SCAN (Lake & Baroni, 2018)

Decomposition

Sequen>ally Solving Sub-ques>on

https://github.com/brendenlake/SCAN
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Result and observa9on: Composi'onal Generaliza'on
• SCAN (Lake & Baroni, 2018) - Result

L2M Rocks! Error Analysis

Incorrect interpretation
• Incorrectly interpret “twice” and “thrice” following “around”
• Incorrectly interpret “after” as “and”

“Run around right” thrice
• “Run around right” = (“Turn_Right” + “RUN”)*4
• “Run around right” thrice = (“Turn_Right” + “RUN”)*9
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Result and observation: Math Reasoning
• GSM8K (Cobbe et al., 2021) and DROP (Dua et al., 2019)

CoT Prompt

L2M Prompt

GSM8K

hDps://github.com/openai/grade-school-math

https://www.semanticscholar.org/reader/dda6fb309f62e2557a071522354d8c2c897a2805

DROP
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Result and observa9on: Math Reasoning
• GSM8K (Cobbe et al., 2021) and DROP (Dua et al., 2019) - Result

Error Analysis

DROP
• Wrong problem decomposi<on
• Wrong problem solving
• Wrong “ground truth” 

Result
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Takeaways/highlights of the paper

• Decomposition + 
Sequentially solve subquestions
• Easy-to-hard generalization
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Limita9on / Future work
Limita>ons

• Decomposi>on is not always easy
• Not effec<ve for teaching language model to break down common 

sense reasoning problems
• Did Aristotle used Mac?

• Generalizing decomposi<on can be difficult within the same domain
• GSM8K (math problem) can be accurately solved if provided 

with correct decomposi<on

Future work

• Selecting Good prompt
• Diao, S., Wang, P., Lin, Y., & Zhang, T. (2023). Active prompting with chain-of-thought for 

large language models. arXiv preprint arXiv:2302.12246.

• Recursively Criticizing and improving Output (RCI)
• Kim, G., Baldi, P., & McAleer, S. (2023). Language models can solve computer tasks. arXiv preprint 

arXiv:2303.17491. Chicago
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https://arxiv.org/abs/2302.12246
https://arxiv.org/pdf/2303.17491.pdf
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Discussion Questions

• Any more limita.ons that you can think of using CoT?
• CoT is not good at capturing underlying bias

• Turpin, M., Michael, J., Perez, E., & Bowman, S. R. (2023). Language Models Don't Always 
Say What They Think: Unfaithful ExplanaQons in Chain-of-Thought PrompQng. arXiv
preprint arXiv:2305.04388.
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Yao, S., Yu, D., Zhao, J., Shafran, I., Griffiths, T. L., Cao, Y., & 
Narasimhan, K. (2023). Tree of thoughts: Deliberate problem solving 

with large language models. arXiv preprint arXiv:2305.10601.
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Background: Literatures
• Notations
• Lower case letters x, y, z, s = language sequence

• x[i] is a token

• Upper case letters = collection of language sequences

• Concepts
• Input-output (IO prompting)

• CoT prompting

• Self-Consistency with CoT(CoT-SC)
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Background: Challenge and Contribution

• Challenge
• CoT has hard Ime solving non-linear thoughts 
• Direct leZ to right coding

• Contribu.on: Tree of Thoughts
• Consider mulIple feasible plans simulataneously at each problem-solving 

step, and proceeding with the most promising ones. 
• Generality: IO, CoT, CoT-SC can be seen as special cases of ToT
• Modularity: Base LM, and each steps (thought decomposiQon, generaQon, evaluaQon, 

and search procedures) can be varied independently
• Adaptability: Different problem properQes, LM capabiliQes, and resource constraints can 

be accommodated
• Convenience: No extra training is needed 

18



Method: Tree of Thoughts (ToT)
• Stages: Thought DecomposiQon > Thought Generator > State Evaluator > Search Algorithm
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Method: Tree of Thoughts (ToT)
• Stages: Thought DecomposiQon > Thought Generator > State Evaluator > Search Algorithm
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Method: Tree of Thoughts (ToT)
• Stages: Thought DecomposiQon > Thought Generator > State Evaluator > Search Algorithm
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Method: Tree of Thoughts (ToT)
• Stages: Thought DecomposiQon > Thought Generator > State Evaluator > Search Algorithm
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Result and observa9on: Game of 24
• 4 numbers and basic arithmetic operation to obtain 24

<ToT Setup>
• Thought decomposi<on: line of equa<on + le[
• Thought generator: propose 
• State evaluator: Value (sure/maybe/impossible)
• Search algorithm: BFS (b = 5)

<Task Setup>
• Data: 4nums.com (1,362 games)
• Reported success rate across 100 

games

<Baselines>
• IO with 5 in-context examples
• CoT: Augment each IO pair with 3 

intermediate equa<ons
• CoT self-consistency: majority 

output from 100 CoT samples 
• IO + refine: at most 10 itera<ons 23



Result and observa9on: Game of 24
• 4 numbers and basic arithmetic operation to obtain 24 - Result
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Result and observation: Creative Writing
• Input 4 random sentences and the output should be a coherent passage with 4 paragraphs that end 

in the 4 input sentences respecQvely

<ToT Setup>
• Thought decomposi<on: passage
• Thought generator: sample
• State evaluator: 5 Votes at both steps
• Search algorithm: BFS (b = 1)

<Task Setup>
• Data: randomwordgenerator.com 

form 100 inputs
• Measure coherency

• GPT-4 zero-shot 1-10 score
• Human paired comparison

<Baselines>
• IO zero-shot (10 samples / task)
• CoT zero-shot but prompts the LM 

to first make a brief plan then write 
a passage (10 samples / task)

• Itera<ve-refine (k <= 5) on top of 
random IO sample 
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Result and observation: Creative Writing
• Input 4 random sentences and the output should be a coherent passage with 4 paragraphs that end 

in the 4 input sentences respecQvely - Result
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Result and observa9on: Mini crosswords
• 5X5 mini crosswords 

<ToT Setup>
• Thought decomposi<on: words
• Thought generator: propose
• State evaluator: value (possibility of fill 

given the constraints, sure/low/high)
• Search algorithm: DFS 

(search step = 100, k - 5)

<Task Setup>
• Data: GooBix (156 games)
• 5 horizontal, 5 ver<cal cues
• Evalua<on: propor<on of correct 

lekers (25 per game), words (10 pe 
r game), and games (20 games)

<Baselines>
• IO 5 example pairs
• CoT include intermediate words in 

the order h1…h5 then v1…5
• Run each prompt for 10 samples 

and average the results 27



Result and observa9on: Crea9ve Wri9ng
• 5X5 mini crosswords - Result
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Takeaways/highlights of the paper

• Improve the interpretability
• Task requiring non-trivial planning by considering mulIple feasible plans
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Limita9on / Future work
Limitations

• GPT-4 already excels at many things
• ToT requires more resources in order to improve task 

performances
• Fine-tuning LMs using a ToT-style high-level 

counterfactual design making (e.g., delibera<ng over 
poten<al choices for the next paragraph, instead of 
predic<ng the next token) might yield beker 
performance

Future work

• Adding refining and aggrega<on
• Besta, M., Blach, N., Kubicek, A., Gerstenberger, R., Gianinazzi, L., 

Gajda, J., ... & Hoefler, T. (2023). Graph of thoughts: Solving elaborate 
problems with large language models. arXiv preprint 
arXiv:2308.09687.

• Using external memory
• Sumers, T. R., Yao, S., Narasimhan, K., & Griffiths, T. L. (2023). CogniWve 

architectures for language agents. arXiv preprint arXiv:2309.02427.
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Discussion Ques9ons

• Are there any other ways to improve complicated problem-solving 
abili.es?
• Wang, Z., Mao, S., Wu, W., Ge, T., Wei, F., & Ji, H. (2023). Unleashing cogni2ve synergy in large language models: A 

task-solving agent through mul2-persona selfcollabora2on. arXiv preprint arXiv:2307.05300, 1(2), 3.
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